We determine the orbits of fixed-point sublattices of the Leech lattice with respect to the action of the Conway group Co 0 . There are 290 such orbits. Detailed information about these lattices, the corresponding coinvariant lattices, and the stabilizing subgroups, is tabulated in several tables.
Introduction
The Leech lattice Λ is the unique positive-definite, even, unimodular lattice of rank 24 without roots [Le, Co2] . It may also be characterized as the most densely packed lattice in dimension 24 [CK] . The group of isometries of Λ is the Conway group Co 0 [Co1] . For a subgroup H ⊆ Co 0 we set Λ H = {v ∈ Λ | hv = v for all h ∈ H}.
We call such a sublattice of Λ a fixed-point sublattice. Let F be the set of all fixedpoint sublattices of Λ. The Conway group acts by translation on F, because if g ∈ Co 0 , then gΛ G = Λ gHg −1 . In this note, we classify the Co 0 -orbits of fixed-point sublattices. We will prove: Theorem 1.1. Under the action of Co 0 , there are exactly 290 orbits on the set of fixed-point sublattices of Λ.
The purpose of the present note is not merely to enumerate the orbits of fixedpoint sublattices, but to provide in addition a detailed analysis of their properties. In particular, this includes the stabilizers G, which are the (largest) subgroups of Co 0 Much of the impetus for studying the finite symmetry groups of such manifolds, and recent developments in the related area of Mathieu Moonshine [EOT] , came from the well-known theorem of Mukai [Mu] . This states that a finite group G of symplectic automorphisms of a K3 surface is isomorphic to a subgroup of the Mathieu group M 23 with at least five orbits in its natural permutation representation on 24 letters; furthermore, there are just 11 subgroups (up to isomorphism) which are maximal subject to these conditions. A typical application of our results leads to a simplified approach to this theorem. Indeed, lattice-theoretic arguments [Ko, Co3] show that G can be embedded into Co 0 in such a way that rk Λ G ≥ 5 and α(Λ G ) := rk Λ G − rk A Λ G ≥ 2 (see Section 2 for notation). The containment G ⊆ M 23 follows immediately from Table 1, moreover the 11 maximal such groups are those G in Table 1 with rk Λ G = 5 and α(Λ G ) ≥ 2. The advantage of this approach compared to that of Kondo (loc. cit), who initiated the lattice-theoretic approach, is that a case-by-case analysis of the 23 Niemeier lattices with roots is reduced to an analysis of the Leech lattice alone.
The extension of Mukai's theorem to more general contexts is currently an active research area, and it is widely expected that knowledge of the stabilizers G with Λ G ≥ 4 will eventually lead to the classification of all finite symplectic automorphism groups of hyperkähler manifolds of type K3 [n] (cf. [Mo2, HM] ) and symplectic autoequivalences of derived categories of sheaves on K3 surfaces [AM, GHV, Hu] .
Another application of our tables is to the study of symmetries of the extremal vertex operator superalgebra V D The paper is organized as follows. Section 2 summarizes some general properties of group actions on lattices. In Section 3, we describe our method to determine the 290 orbits, while Section 4 contains detailed information about the 290 fixedpoint lattices. We also discuss several interesting properties of some of the resulting lattices.
Finally, we mention that the corresponding problem of classification of fixedpoint lattices and stabilizer subgroups in the case of the E 8 -root lattice and its attendant Weyl group is also of interest. For the convenience of the interested reader, we have stated the main results below as Theorem 3.6. The result is probably wellknown to experts.
Supplemental material
Supplemental data associated with this article can be found, in the electronic version, at http://arxiv.org/abs/1505.06420.
Integral lattices and their automorphism groups
We introduce some notation related to integral lattices and their automorphism groups and record some results that we will need.
A lattice L is a finitely generated free Z-module together with a rational-valued symmetric bilinear form ( . , . ). All lattices in this note are assumed to be positivedefinite. We let O(L) := Aut(L) be the group of automorphisms (or isometries) of L considered as lattice, i.e., the set of automorphisms of the group L that preserve the bilinear form. It is finite because of the assumed positive-definiteness of the bilinear form. The lattice L is integral if the bilinear form takes values in Z, and even if the norm (x, x) belongs to 2Z for all x ∈ L. An even lattice is necessarily integral.
A finite quadratic space A = (A, q) is a finite abelian group A equipped with a quadratic form q : A −→ Q/2Z. We denote the corresponding orthogonal group by O(A). This is the subgroup of Aut(A) that leaves q invariant.
The dual lattice of an integral lattice L is
There is a natural induced action of O(L) on A L , leading to a short exact sequence
Assume now that L is even and unimodular, i.e., L * = L. If K is primitive then there is an isomorphism of groups i :
See [Nik] for further details. The following is a special case of another result (Propositions 1.4.1 and 1.6.1, loc. cit).
Proposition 2.1. The equivalence classes of extensions of K ⊕ K ⊥ to an even unimodular lattice N with K primitively embedded into N are in bijective correspondence with double cosets
Suppose that G ⊆ O(L) is a group of automorphisms of a lattice L. The invariant and coinvariant lattices for G are
respectively. They are both primitive sublattices of L. The restriction of the G-action
On the other hand, we can extend the
The root sublattice of L is the sublattice spanned by all roots.
We also note that the genus of a positive-definite even lattice L is determined by the quadratic space A L together with the rank of L [Nik] .
We recall the following fact: Lemma 2.3. A finite group G has a unique minimal normal subgroup N such that G/N is a 2-group. It is the subgroup generated by all elements of odd order.
We follow usual practice and set N = O 2 (G).
, and hence normalizes the pointwise stabilizer O 2 (G) of this lattice.
3 Construction of the fixed-point lattices Recall [Co2] that the 2 24 cosets comprising Λ/2Λ have representatives v which may be chosen to be short vectors, i.e., (v, v) ≤ 8. More precisely, if (v, v) ≤ 6 then {v, −v} are the only short representatives of v + 2Λ; if (v, v) = 8 then the short vectors in v + 2Λ comprise a coordinate frame {±w 1 , . . . , ±w 24 }, where the w j are pairwise orthogonal vectors of norm 8. In particular, if u ∈ Λ then u = v + 2w for some v, w ∈ Λ and v a short vector, and if (v, v) ≤ 6 then v is unique up to sign.
It is well-known [Co2] that Co 0 acts transitively on coordinate frames, the (setwise) stabilizer of one such being the monomial group 2 12 :M 24 .
A sublattice S ⊆ Λ is an S-lattice if, for every u ∈ S, the corresponding short vector v satisfies (v, v) ≤ 6 and furthermore w ∈ S. This concept was introduced by Curtis [Cu] who showed that there are exactly twelve isometry classes of S-lattices. The next result is a useful variant of a construction given in the Atlas [CCNPW] .
Proof: Let u ∈ Λ G with u = v + 2w, where v, w ∈ Λ, and (v, v) ≤ 8. Then
First suppose that for every choice of u, we have (v, v) ≤ 6. Then {±v} are the only short vectors in u + 2Λ, so this set is invariant under the action of G. Then every odd order element in G fixes v, and since G = O 2 (G) then v ∈ Λ G . Then also 2w = u − v ∈ Λ G , and because Λ G is primitive then w ∈ Λ G . So (b) holds in this case.
Otherwise, for some u ∈ Λ G we have u = v + 2w and (v, v) = 8. Then because G fixes u, it acts on u + 2Λ and therefore stabilizes the unique coordinate frame contained in this coset. So in this case (a) holds. Proof: This can easily be seen directly from the classification of S-lattices and their stabilizers [Cu] (cf. Table 1 ). Note that |G| does not divide |2 12 :M 24 | so that part (a) of Proposition 3.1 fails by Lagrange's Theorem. We say that two pairs of lattices (
In order to make the enumeration of the fixed-point lattices outlined above effective, we iteratively compile a list of triples (G, Λ G , Λ G ) using the following procedure.
Step 1: Select a representative G from each conjugacy class of subgroups of 2 12 :M 24
. Select one triple for each isometry class of pairs (Λ G , Λ G ) of lattices, resulting in a list of such triples.
Step 2:
2) in Co 0 and replace G by G.
Step 3:
is not isometric to a pair of lattices already present.
Step 4: Repeat Steps 2 and 3 until the list is saturated.
This results in the list of 290 triples which, along with accompanying data, are described in Table 1 .
We explain now why the triples resulting from Steps 1-4 produce the desired list of orbits of fixed-point lattices, thereby proving Theorem 1.1.
First, notice that if (G, Λ G , Λ G ) and (H, Λ H , Λ H ) are distinct triples on the final list, then (Λ G , Λ G ) and (Λ H , Λ H ) are not isometric. Therefore, Λ G and Λ H certainly lie in distinct Co 0 -orbits, since an element of Co 0 mapping Λ G onto Λ H is an isometry that also induces an isometry of Λ G onto Λ H .
Next we show that every Co 0 -orbit of fixed-point lattices has a representative that occurs in a triple on the final list. First we verify that the isometry classes (Λ G , Λ G ) already determine the orbits of fixed-point lattices.
Proposition 3.3. For each entry in Table 1 , the isometry class of the pair (Λ G , Λ G ) uniquely determines the Co 0 -orbit of Λ G .
Proof: For each pair (Λ G , Λ G ), we determine all isomorphism classes of extensions of Λ G ⊕ Λ G to an even unimodular lattice N (i.e. the even unimodular overlattices of Λ G ⊕ Λ G ) by computing the double cosets for
Proposition 2.1). Among the resulting lattices N , it turns out there is always exactly one equivalence class with minimal norm 4, so that it must be isometric to Λ.
It follows that (Λ
after identifications of L and L ′ with Λ, the corresponding sublattices Λ G ⊕ Λ G of Λ can be mapped to each other by an element of Co 0 .
Next, all S-lattices and their stabilizers appear in Table 1 . Indeed, the twelve lattices Λ G numbered 35, 101, 122, 163, 167, 222, 223, 225, 230, 273, 274 and 290 have the two properties: G = O 2 (G) and |G| does not divide |2 12 :M 24 |. By Proposition 3.1, each Λ G is an S-lattice. According to Curtis [Cu] there are exactly twelve Co 0 -orbits of S-lattices, so indeed they all appear in Table 1 .
Along with the S-lattices, Step 3 ensures that with a fixed-point lattice Λ H , all fixed-point lattices Λ G also occur in a triple whenever H G and G/H is a 2-group as the following proposition shows.
) is contained on the list in Table 1 . Then ( G, Λ G , Λ G ) is also contained in the list.
Proof: Because it is a 2-group, G/O 2 (G) has a central series
with each H i G and |H i+1 /H i | = 2, and
G acts on each Λ H i , and hence normalizes
Thus Steps 2 and 3
Since, by assumption, the triple (
Together with the results of the computation, we have established Theorem 1.1.
We describe now some more details for the implementation of Steps 1 to 3 with the computer algebra system MAGMA.
We realized the Conway group Co 0 as a matrix group of integral 24×24-matrices and as a permutation group on the 196, 560 vectors of norm 4. We also determined an explicit isomorphism which allows us to evaluate a computation in the most appropriate realization.
For
Step 1, we started with the list of conjugacy classes of non-2-groups inside 2 12 :M 24 . In [HM] we had already shown:
Theorem 3.5. With respect to conjugation in 2 12 :M 24 , there are 279, 343 conjugacy classes of subgroups of 2 12 :M 24 which are not 2-groups.
From these classes we selected those groups G which satisfy G = O 2 (G). This was done by computing O 2 (G) as the normal subgroup of G generated by p-Sylow subgroups for all p = 2. This resulted in a list of 3755 groups. For these groups we computed the pairs (Λ G , Λ G ) of sublattices inside Λ and checked for isometry by the implemented lattice functions in MAGMA.
Step 2, we can compute G abstractly as the group O 0 (Λ G ). However, to realize G as a subgroup of Co 0 we realized in addition Co 0 as a matrix group over the finite field F 2 acting on Λ/2Λ. This allowed us to compute that stabilizer of Λ G /2Λ in Co 0 .
Step 3 can easily be done by the implemented group theory functions in MAGMA.
Remarks on the E 8 -root lattice. The E 8 -root lattice is the unique even, unimodular, positive-definite lattice of rank 8 and its automorphism group is the corresponding Weyl group. The problem of determining the orbits of fixed-point sublattices and stabilizer groups for this lattice and its automorphism group also has some interest attached to it.
It follows from a Theorem of Steinberg ([St] , Thm. 15) that the stabilizer of a sublattice of a root lattice inside the corresponding Weyl group is a reflection group. The conjugacy classes of reflections subgroups for W (E 8 ) are known, cf. [DPR] , Table 5 .
We desist from further discussion, contenting ourselves with the statement of the result, which must be well-known to experts. Theorem 3.6. In its action on the E 8 -root lattice, the Weyl group of type E 8 has 41 orbits of fixed-point sublattices. These are in bijective correspondence with the isomorphism types of full subgraphs of the Coxeter graph for E 8 , the lattice-stabilizers being the Coxeter groups determined by these subgraphs. The coinvariant lattices are the corresponding root lattices.
The 290 fixed-point lattices
This section describes the fixed-point lattices and discusses several observations regarding the resulting tables. Table 1 provides information about the 290 orbits of fixed-point lattices L = Λ G inside Λ. For a given L, the group G listed is the full pointwise stabilizer Co 0 , i.e.,
In addition, we provide the following electronic supplementary material. Supplementary Table 2 consists of the Gram matrices of each Λ G . Supplementary Table 3 gives partial information about the lattice structure of the 290 orbits. We have also added a text file in Magma format which containes a coinvariant lattice from each orbit, the corresponding fixed-point lattice and generator matrices for its stabilizers. We collect now several observations regarding the tables. In some cases these may be read-off directly from the tables, while others can be obtained by simple arguments or easy calculations. In any case we omit details.
The isometry type of the lattices Λ G and Λ G . The isometry class of the coinvariant lattice Λ G determines uniquely the orbit of Λ G . However, isometric Λ G may belong to different orbits. In the following table we itemize the isometric orbits (i.e., orbits of isometric fixed-point lattices) which contain more than one orbit of fixed-point lattices.
The genus of Λ G and Λ G . The genera of Λ G and Λ G determine each other. Two orbits of fixed-point lattices Λ G define the same genus if, and only if, they are isometric.
The isometry classes of lattices in the genus of Λ G have the following property: if the class belongs to a fixed-point lattice then the minimal norm is at least 4; for all other classes, the root sublattice has maximal rank. The root lattice of Λ G itself is zero exactly for orbits no. 1, 2, 4, 7, 18, 20, 39, 52, 53, 82, 108, 120, 128, 129, 227, 243, 251 . These lattices were investigated (without explicit classification) in [Bo4] . Most of them are fixed-point lattices of conjugacy classes in M 23 .
As for the isometry classes of lattices in the genus of Λ G , if the class belongs to Λ G then the minimal norm is 4. For all other classes it seems that the minimal norm is 2 although the root lattice does not always has maximal rank. However, we checked this only in a small number of cases. Niemeier lattices. Let N be a Niemeier lattice in the sense that it is one of the 24 lattices in the genus of Λ. Its isometry group is a split extension O(N ) = W (N ):G, where W (N ) is generated by reflections in hyperplanes orthogonal to the roots of N . The coinvariant lattice N G , which is always a lattice without norm 2 vectors, can be embedded into Λ in such a way that G ∼ = O 0 (N G ) ∼ = O 0 (Λ G ) (cf. [Nik] , Remark 1.14.7, Prop. 1.14.8 and [Co3] Spherical Designs. The even integral lattices of minimal norm 4 for which the minimal vectors form spherical 6-designs have been classified by Martinet [Mar] . All of them can be obtained from Λ. In the nomenclature of Table 1 they are as follows: 2Z (Λ G no. 273), E 8 (2) (Λ G no. 14 or Λ G no. 2), the Barnes-Wall lattice of rank 16 (Λ G no. 2 or Λ G no. 14), Λ 23 (Λ G no. 273), and Λ itself.
A lattice whose minimal vectors and those of its dual form spherical 4-designs is called dual strongly perfect. Using the Molien series of their full automorphism groups, the following additional lattices can be shown to be dual strongly perfect, cf. [Ve] : A 2 (Λ G for no. 222), D 4 (Λ G for no. 99), E 6 (Λ G for no. 33, 35), one lattice of rank 10 (Λ G for no. 7), Coxeter-Todd lattice K 12 (Λ G ∼ = Λ G for no. 4), one lattice of rank 18 (Λ G for no. 35), two lattices of rank 22 (Λ G for no. 222 and no. 223), one lattice of rank 23 (Λ G for no. 274).
In addition, further lattices Λ G and Λ G are rescaled versions of the above listed lattices.
